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Abstract
Let D = (V,A) be a digraph of order n, S a subset of V of size k
and 2 ≤ k ≤ n. Strong subgraphs D1, . . . , Dp containing S are said to
be internally disjoint if V (Di)∩V (Dj) = S and A(Di)∩A(Dj) = ∅ for
all 1 ≤ i < j ≤ p. Let κS(D) be the maximum number of internally
disjoint strong digraphs containing S in D. The strong subgraph k-
connectivity is defined as
κk(D) = min{κS(D) | S ⊆ V, |S| = k}.
A digraph D = (V,A) is called minimally strong subgraph (k, ℓ)-
connected if κk(D) ≥ ℓ but for any arc e ∈ A, κk(D − e) ≤ ℓ − 1.
In this paper, we first give a sharp upper bound for the parameter
κk(D) and then study the minimally strong subgraph (k, ℓ)-connected
digraphs.
1 Introduction
The generalized k-connectivity κk(G) of a graph G = (V,E) was intro-
duced by Hager [3] in 1985 (2 ≤ k ≤ |V |). For a graph G = (V,E) and a set
S ⊆ V of at least two vertices, an S-Steiner tree or, simply, an S-tree is a
subgraph T of G which is a tree with S ⊆ V (T ). Two S-trees T1 and T2 are
said to be internally disjoint if E(T1) ∩ E(T2) = ∅ and V (T1) ∩ V (T2) = S.
The generalized local connectivity κS(G) is the maximum number of inter-
nally disjoint S-trees in G. For an integer k with 2 ≤ k ≤ n, the generalized
k-connectivity is defined as
κk(G) = min{κS(G) | S ⊆ V (G), |S| = k}.
Observe that κ2(G) = κ(G). IfG is disconnected and vertices of S are placed
in different connectivity components, we have κS(G) = 0. Thus, κk(G) = 0
for a disconnected graph G. Generalized connectivity of graphs has become
an established area in graph theory, see a recent monograph [7] by Li and
Mao on generalized connectivity of undirected graphs.
To extend generalized k-connectivity to directed graphs, Sun, Gutin, Yeo
and Zhang [8] observed that in the definition of κS(G), one can replace “an
1
S-tree” by “a connected subgraph of G containing S.” Therefore, Sun et
al. [8] defined strong subgraph k-connectivity by replacing “connected” with
“strongly connected” (or, simply, “strong”) as follows. Let D = (V,A) be a
digraph of order n, S a subset of V of size k and 2 ≤ k ≤ n. Strong subgraphs
D1, . . . ,Dp containing S are said to be internally disjoint if V (Di)∩V (Dj) =
S and A(Di)∩A(Dj) = ∅ for all 1 ≤ i < j ≤ p. Let κS(D) be the maximum
number of internally disjoint strong digraphs containing S in D. The strong
subgraph k-connectivity is defined as
κk(D) = min{κS(D) | S ⊆ V, |S| = k}.
By definition, κ2(D) = 0 if D is not strong.
Despite the definition of strong subgraph k-connectivity being similar to
that of generalized k-connectivity, the former is somewhat more complicated
than the latter. Let us first consider a simple reason for our claim above.
For a graph G, let
←→
G denote the digraph obtained from G by replacing
every edge xy with two arcs xy and yx. While minimal connected spanning
subgraphs of undirected graphs are all trees, even a simple digraph
←→
Cn has
two types of such strong subgraphs: a directed cycle and
←→
Pn . A less trivial
reason is given in the next paragraph.
The main aim of [8] was to study complexity of computing κk(D) for an
arbitrary digraph D, for a semicomplete digraph D, and for a symmetric
digraph D. In particular, Sun et al. proved that for all fixed integers k ≥ 2
and ℓ ≥ 2 it is NP-complete to decide whether κS(D) ≥ ℓ for an arbitrary
digraph D and a vertex set S of D of size k. Since deciding the same
problem for generalized k-connectivity of undirected graphs is polynomial
time solvable [5], it is clear that computing strong subgraph k-connectivity
is somewhat harder than computing generalized k-connectivity.
We will postpone discussion of further results from [8] until Subsection
1.1 and now overview new results obtained in this paper. First, we improve
the following tight bound used in [8]
κk(D) ≤ min{δ
−(D), δ+(D)} (1)
for a digraph D, where δ−(D) and δ+(D) are the minimum in-degree and
out-degree of D, respectively. We will show a new sharp bound κk(D) ≤
κ(D), where κ(D) is the strong connectivity of D. Note that κ(D) ≤
min{δ−(D), δ+(D)}. Interestingly, for undirected graphs G, κk(G) ≤ κ(G)
holds only for k ≤ 6 [4, 6].
In what follows, n will denote the number of vertices of the digraph under
consideration.
A digraph D = (V (D), A(D)) is called minimally strong subgraph (k, ℓ)-
connected if κk(D) ≥ ℓ but for any arc e ∈ A(D), κk(D − e) ≤ ℓ − 1.
Let F(n, k, ℓ) be the set of all minimally strong subgraph (k, ℓ)-connected
digraphs with order n. We define
F (n, k, ℓ) = max{|A(D)| | D ∈ F(n, k, ℓ)}
and
f(n, k, ℓ) = min{|A(D)| | D ∈ F(n, k, ℓ)}.
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We further define
Ex(n, k, ℓ) = {D | D ∈ F(n, k, ℓ), |A(D)| = F (n, k, ℓ)}
and
ex(n, k, ℓ) = {D | D ∈ F(n, k, ℓ), |A(D)| = f(n, k, ℓ)}.
Using the Hamilton cycle decomposition theorem of Tillson [10], Theo-
rem 3.1, it is not hard to see f(n, k, n− 1) = F (n, k, n− 1) = n(n− 1) and
that the only extremal digraph is the complete digraph on n vertices. How-
ever, computing f(n, k, n − 2) and F (n, k, n − 2) appears to be harder. In
Theorem 3.5, we characterize minimally strong subgraph (2, n−2)-connected
digraphs. The characterization implies that f(n, 2, n−2) = n(n−1)−2⌊n/2⌋,
F (n, 2, n−2) = n(n−1)−3. We will also prove the lower bound f(n, k, ℓ) ≥
nℓ and describe some cases when f(n, k, ℓ) = nℓ. Finally, we will show that
F (n, n, ℓ) ≤ 2ℓ(n − 1) and F (n, k, 1) = 2(n − 1). We leave it as an open
problem to obtain a sharp upper bound on F (n, k, ℓ) for every k ≥ 2 and
ℓ ≥ 2.
1.1 Algorithms and Complexity Results
Let k ≥ 2 and ℓ ≥ 2 be fixed integers. By reduction from the Directed
2-Linkage problem, Sun et al. [8] proved that deciding whether κS(D) ≥ ℓ
is NP-complete for a k-subset S of V (D). Thomassen [9] showed that for
every positive integer p there are digraphs which are strongly p-connected,
but which contain a pair of vertices not belonging to the same cycle. This
implies that for every positive integer p there are digraphs D such that
κ2(D) = 1 [8].
The above negative results motivate studying strong subgraph k-connectivity
for special classes of digraphs. In [8], Sun et al. showed that the problem of
deciding whether κk(D) ≥ ℓ for every semicomplete digraphs is polynomial-
time solvable for fixed k and ℓ. The main tool used in their proof is a recent
Directed k-Linkage theorem of Chudnovsky, Scott and Seymour [2].
A digraph D is symmetric if for every arc xy of D, D also contains
the arc yx. In other words, a symmetric digraph D can be obtained from
its underlying undirected graph G by replacing each edge of G with the
corresponding arcs of both directions, that is, D =
←→
G . Sun et al. [8] showed
that for any connected graph G, the parameter κ2(
←→
G ) can be computed in
polynomial time. This result is best possible in the following sense, unless
P=NP. Let D be a symmetric digraph and k ≥ 3 a fixed integer. Then it is
NP-complete to decide whether κS(D) ≥ ℓ for S ⊆ V (D) with |S| = k [8].
2 New sharp upper bound of κk(D)
To prove a new bound on κk(D) in Theorem 2.2, we will use the following
proposition of Sun et al. [8].
Proposition 2.1 Let 2 ≤ k ≤ n. For a strong digraph D of order n, we
have
1 ≤ κk(D) ≤ n− 1.
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Moreover, both bounds are sharp, and the upper bound holds if and only if
D ∼=
←→
K n, 2 ≤ k ≤ n and k 6∈ {4, 6}.
Theorem 2.2 For k ∈ {2, . . . , n} and n ≥ κ(D) + k, we have
κk(D) ≤ κ(D).
Moreover, the bound is sharp.
Proof: For k = 2, assume that κ(D) = κ(x, y) for some {x, y} ⊆ V (D). It
follows from the strong subgraph connectivity definition that κ{x,y}(D) ≤
κ(x, y), so κ2(D) ≤ κ{x,y}(D) ≤ κ(x, y) = κ(D).
We now consider the case of k ≥ 3. If κ(D) = n − 1, then we have
κk(D) ≤ n− 1 = κ(D) by Proposition 2.1. If κ(D) = n− 2, then there two
vertices, say u and v, such that uv 6∈ A(D). So we have κk(D) ≤ n − 2 =
κ(D) by Proposition 2.1. If 1 ≤ κ(D) ≤ n − 3, then there exists a κ(D)-
vertex cut, say Q, for two vertices u, v in D such that there is no u − v
path in D − Q. Let S = {u, v} ∪ S′ where S′ ⊆ V (D) \ (Q ∪ {u, v}) and
|S′| = k − 2. Since u and v are in different strong components of D − Q,
any strong subgraph containing S in D must contain a vertex in Q. By the
definition of κS(D) and κk(D), we have κk(D) ≤ κS(D) ≤ |Q| = κ(D).
For the sharpness of the bound, consider the following digraph D. Let D
be a symmetric digraph whose underlying undirected graph isKk
∨
Kn−k (n ≥
3k), i.e. the graph obtained from disjoint graphs Kk and Kn−k by adding
all edges between the vertices in Kk and Kn−k.
Let V (D) = W ∪ U , where W = V (Kk) = {wi | 1 ≤ i ≤ k} and
U = V (Kn−k) = {uj | 1 ≤ j ≤ n − k}. Let S be any k-subset of vertices
of V (D) such that |S ∩ U | = s (s ≤ k) and |S ∩W | = k − s. Without loss
of generality, let wi ∈ S for 1 ≤ i ≤ k − s and uj ∈ S for 1 ≤ j ≤ s. For
1 ≤ i ≤ k − s, let Di be the symmetric subgraph of D whose underlying
undirected graph is the tree Ti with edge set
{wiu1, wiu2, . . . , wius, uk+iw1, uk+iw2, . . . , uk+iwk−s}.
For k − s + 1 ≤ j ≤ k, let Dj be the symmetric subgraph of D whose
underlying undirected graph is the tree Tj with edge set
{wju1, wju2, . . . , wjus, wjw1, wjw2, . . . , wjwk−s}.
Observe that {Di | 1 ≤ i ≤ k − s} ∪ {Dj | k − s + 1 ≤ j ≤ k} is a set of
k internally disjoint strong subgraph containing S, so κS(D) ≥ k, and then
κk(D) ≥ k. Combining this with the bound that κk(D) ≤ κ(D) and the
fact that κ(D) ≤ min{δ+(D), δ−(D)} = k, we can get κk(D) = κ(D) = k. ✷
3 Minimally strong subgraph (k, ℓ)-connected di-
graphs
Below we will use the following Hamilton cycle decomposition theorem
of Tillson.
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Theorem 3.1 [10] The arcs of
←→
K n can be decomposed into Hamiltonian
cycles if and only if n 6= 4, 6.
The following observation will be used in the sequel.
Proposition 3.2 [8] If D′ is a strong spanning digraph of a strong digraph
D, then κk(D
′) ≤ κk(D).
By the definition of a minimally strong subgraph (k, ℓ)-connected di-
graph, we can get the following observation.
Proposition 3.3 A digraph D is minimally strong subgraph (k, ℓ)-connected
if and only if κk(D) = ℓ and κk(D − e) = ℓ− 1 for any arc e ∈ A(D).
Proof: The direction “if” is clear by definition, and we only need to prove
the direction “only if”. Let D be a minimally strong subgraph (k, ℓ)-
connected digraph. By definition, we have κk(D) ≥ ℓ and κk(D− e) ≤ ℓ− 1
for any arc e ∈ A(D). Then for any set S ⊆ V (D) with |S| = k, there is
a set D of ℓ internally disjoint strong subgraphs containing S. As e must
belong to one and only one element of D, we are done. ✷
A digraph D is minimally strong if D is strong but D− e is not for every
arc e of D.
Proposition 3.4 The following assertions hold:
(i) A digraph D is minimally strong subgraph (k, 1)-connected if and only if
D is minimally strong digraph;
(ii) For k 6= 4, 6, a digraph D is minimally strong subgraph (k, n − 1)-
connected if and only if D ∼=
←→
K n.
Proof: To prove (i), it suffices to show that a digraph D is strong if and
only if κk(D) ≥ 1. If D is strong, then for every vertex set S of size k, D
has a strong subgraph containing S. If κk(D) ≥ 1, for each vertex set S of
size k construct DS , a strong subgraph of D containing S. The union of all
Dk is a strong subgraph of D as there are sets S1, S2, . . . , Sp such that the
union of S1, S2, . . . , Sp is V (D) and for each i ∈ [p−1], DSi and DSi+1 share
a common vertex.
Part (ii) follows from Proposition 2.1. ✷
The following result characterizes minimally strong subgraph (2, n − 2)-
connected digraphs.
Theorem 3.5 A digraph D is minimally strong subgraph (2, n−2)-connected
if and only if D is a digraph obtained from the complete digraph
←→
K n by delet-
ing an arc set M such that
←→
K n[M ] is a 3-cycle or a union of ⌊n/2⌋ vertex-
disjoint 2-cycles. In particular, we have f(n, 2, n− 2) = n(n− 1)− 2⌊n/2⌋,
F (n, 2, n − 2) = n(n− 1)− 3.
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Proof: Let D ∼=
←→
K n−M be a digraph obtained from the complete digraph←→
K n by deleting an arc set M . Let V (D) = {ui | 1 ≤ i ≤ n}.
Firstly, we will consider the case that
←→
K n[M ] is a 3-cycle u1u2u3u1. We
now prove that κ2(D) = n−2. By (1), we have κ2(D) ≤ min{δ
+(D), δ−(D)} =
n − 2. Let S = {u, v} ⊆ V (D); we just consider the case that u = u1, v =
u2 since the other cases are similar. Let D1 be a subdigraph of D with
V (D1) = {u1, u2, u3} and A(D1) = {u1u3, u3u2, u2u1}; for 2 ≤ i ≤ n − 2,
let Di be a subdigraph of D with V (Di) = {u1, u2, ui+2} and A(Di) =
{u1ui+2, u2ui+2, ui+2u1, ui+2u2}. Clearly, {Di | 1 ≤ i ≤ n − 2} is a set of
n − 2 internally disjoint strong subgraphs containing S, so κS(D) ≥ n − 2
and κ2(D) ≥ n− 2. Hence, κ2(D) = n− 2.
For any e ∈ A(D), without loss of generality, one of the two digraphs in
Figure 1 is a subgraph of
←→
K n[M ∪{e}], so if the following claim holds, then
we must have κ2(D − e) ≤ κ2(D
′) ≤ n − 3 by Proposition 3.2, and so D
is minimally strong subgraph (2, n − 2)-connected. Now it suffices to prove
the following claim.
u1
u2
u3
u4
u5
(a)
u1
u2
u3
u4
(b)
Figure 1: Two graphs for Claim 1.
Claim 1. If
←→
K n[M
′] is isomorphic to one of two graphs in Figure 1, then
κ2(D
′) ≤ n− 3, where D′ =
←→
K n −M
′.
Proof of Claim 1. We first show that κ2(D
′) ≤ n− 3 if M ′ is the digraph of
Figure 1 (a). Let S = {u2, u4}; we will prove that κS(D
′) ≤ n− 3, and then
we are done. Suppose that κS(D
′) ≥ n− 2, then there exists a set of n− 2
internally disjoint strong subgraphs containing S, say {Di | 1 ≤ i ≤ n− 2}.
If both of the two arcs u2u4 and u4u2 belong to the same Di, say D1, then
for 2 ≤ i ≤ n − 2, each Di contains at least one vertex and at most two
vertices of {ui | 1 ≤ i ≤ n, i 6= 2, 4}. Furthermore, there is at most one Di,
say D2, contains (exactly) two vertices of {ui | 1 ≤ i ≤ n, i 6= 2, 4}. We
just consider the case that u1, u3 ∈ V (D2) since the other cases are similar.
In this case, we must have that each vertex of {ui | 5 ≤ i ≤ n} belongs to
exactly one digraph from {Di | 3 ≤ i ≤ n − 2} and vice versa. However,
this is impossible since the vertex set {u2, u4, u5} cannot induce a strong
subgraph of D′ containing S, a contradiction.
So we now assume that each Di contains at most one of u2u4 and u4u2.
Without loss of generality, we may assume that u2u4 ∈ A(D1) and u4u2 ∈
A(D2). In this case, we must have that each vertex of {ui | 1 ≤ i ≤
n, i 6= 2, 4} belongs to exactly one digraph from {Di | 1 ≤ i ≤ n − 2} and
vice versa. However, this is also impossible since the vertex set {u2, u4, u5}
cannot induce a strong subgraph of D′ containing S, a contradiction.
Hence, we have κ2(D
′) ≤ n − 3 in this case. For the case that M ′ is
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the digraph of Figure 1 (b), we can choose S = {u2, u3} and prove that
κS(D
′) ≤ n− 3 with a similar argument, and so κ2(D
′) ≤ n− 3 in this case.
This completes the proof of the claim.
Secondly, we consider the case that
←→
K n[M ] is a union of ⌊n/2⌋ vertex-
disjoint 2-cycles. Without loss of generality, we may assume that M =
{u2i−1u2i, u2iu2i−1 | 1 ≤ i ≤ ⌊n/2⌋}. We just consider the case that
S = {u1, u3} since the other cases are similar. In this case, let D1 be
the subgraph of D with V (D1) = {u1, u3} and A(D1) = {u1u3, u3u1};
let D2 be the subgraph of D with V (D2) = {u1, u2, u3, u4} and A(D2) =
{u1u4, u4u1, u2u4, u4u2, u2u3, u3u2}; for 3 ≤ i ≤ n−2, letDi be the subgraph
ofD with V (Di) = {u1, u2, ui+2} andA(Di) = {u1ui+2, u3ui+2, ui+2u1, ui+2u3}.
Clearly, {Di | 1 ≤ i ≤ n− 2} is a set of n− 2 internally disjoint strong sub-
graphs containing S, so κS(D) ≥ n − 2 and then κ2(D) ≥ n − 2. By (1),
we have κ2(D) ≤ min{δ
+(D), δ−(D)} = n − 2. Hence, κ2(D) = n − 2. Let
e ∈ A(D); clearly e must be incident with at least one vertex of {ui | 1 ≤ i ≤
2⌊n/2⌋}. Then we have that κ2(D−e) ≤ min{δ
+(D−e), δ−(D−e)} = n−3
by (1). Hence, D is minimally strong subgraph (2, n − 2)-connected.
Now let D be minimally strong subgraph (2, n−2)-connected. By Propo-
sition 2.1, we have that D 6∼=
←→
K n, that is, D can be obtained from a complete
digraph
←→
K n by deleting a nonempty arc set M . To end our argument, we
need the following three claims. Let us start from a simple yet useful obser-
vation.
Proposition 3.6 No pair of arcs in M has a common head or tail.
Proof of Proposition 3.6. By (1) no pair of arcs in M has a common head
or tail, as otherwise we would have κ2(D) ≤ n− 3.
Claim 2. |M | ≥ 3.
Proof of Claim 2. Let |M | ≤ 2. We may assume that |M | = 2 as the case
of |M | = 1 can be considered in a similar and simpler way.
Let the arcs of M have no common vertices; without loss of generality,
M = {u1u2, u3u4}. Then κ2(D−u2u1) = n− 2 as D−u2u1 is a supergraph
of
←→
K n without a union of ⌊n/2⌋ vertex-disjoint 2-cycles including the cycles
u1u2u1 and u3u4u3. Thus, D is not minimally strong subgraph (2, n − 2)-
connected. Let the arcs of M have no common vertex. By Proposition 3.6,
without loss of generality, M = {u1u2, u2u3}. Then κ2(D − u3u1) = n − 2
as we showed in the beginning of the proof of this theorem. Thus, D is
not minimally strong subgraph (2, n− 2)-connected. Now let the arcs of M
have the same vertices, i.e., without loss of generality, M = {u1u2, u2u1}.
As above, κ2(D − u2u1) = n − 2 and D is not minimally strong subgraph
(2, n − 2)-connected.
Claim 3. If |M | = 3, then
←→
K n[M ] is a 3-cycle.
Proof of Claim 3. Suppose that D is minimally strong subgraph (2, n − 2)-
connected, but
←→
K n[M ] is not a 3-cycle. By Proposition 3.6, no pair of arcs
in M has a common head or tail. Thus,
←→
K n[M ] must be isomorphic to one
of graphs in Figures 1 and 2. If
←→
K n[M ] is isomorphic to one of graphs in
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Figure 1, then κ2(D) ≤ n− 3 by Claim 1 and so D is not minimally strong
subgraph (2, n− 2)-connected, a contradiction. For an arc set M0 such that
←→
K n[M0] is a union of ⌊n/2⌋ vertex-disjoint 2-cycles, by the argument before,
we know that
←→
K n −M0 is minimally strong subgraph (2, n− 2)-connected.
For the case that
←→
K n[M ] is isomorphic to (a) or (b) in Figure 2, we have
that
←→
K n −M0 is a proper subdigraph of
←→
K n −M , so D =
←→
K n −M must
not be minimally strong subgraph (2, n− 2)-connected, this also produces a
contradiction. Hence, the claim holds.
u1
u2
u3
u4
u1
(a)
u2
(b)
u3
u4
u5
u6
Figure 2: Two graphs for Claim 3.
Claim 4. If |M | > 3, then
←→
K n[M ] is a union of ⌊n/2⌋ vertex-disjoint
2-cycles.
Proof of Claim 4. Suppose that D is minimally strong subgraph (2, n − 2)-
connected, but
←→
K n[M ] is not a union of ⌊n/2⌋ vertex-disjoint 2-cycles.
By Claim 1 and Proposition 3.2, we have that
←→
K n[M ] does not contain
graphs in Figure 1 as a subgraph. Then
←→
K n[M ] does not contain a path of
length at least three. Hence, the underlying undirected graph of M has at
least two connectivity components. By the fact that if M is a 3-cycle, then
←→
K n −M is minimally strong subgraph (2, n − 2)-connected, we conclude
that
←→
K n[M ] does not contain a cycle of length three. By Claim 1,
←→
K n[M ]
does not contain a path of length two. By Proposition 3.6, no pair of arcs
in M has a common head or tail. Hence, each connectivity component of
←→
K n[M ] must be a 2-cycle or an arc. Since D is minimally strong subgraph
(2, n − 2)-connected, no connectivity component of
←→
K n[M ] is an arc. We
have arrived at a contradiction, proving Claim 4.
Hence, if a digraph D is minimally strong subgraph (2, n− 2)-connected,
then D ∼=
←→
K n −M , where
←→
K n[M ] is a cycle of order three or a union of
⌊n/2⌋ vertex-disjoint 2-cycles.
Now the claimed values of F (n, 2, n − 2) and f(n, 2, n− 2) can easily be
verified. ✷
Note that Theorem 3.5 implies that Ex(n, 2, n − 2) = {
←→
Kn −M} where
M is an arc set such that
←→
K n[M ] is a directed 3-cycle, and ex(n, 2, n−1) =
{
←→
Kn −M} where M is an arc set such that
←→
K n[M ] is a union of ⌊n/2⌋
vertex-disjoint directed 2-cycles.
The following result concerns a sharp lower bound for the parameter
f(n, k, ℓ).
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Theorem 3.7 For 2 ≤ k ≤ n, we have
f(n, k, ℓ) ≥ nℓ.
Moreover, the following assertions hold:
(i) If ℓ = 1, then f(n, k, ℓ) = n; (ii) If 2 ≤ ℓ ≤ n− 1, then f(n, n, ℓ) = nℓ
for k = n 6∈ {4, 6}; (iii) If n is even and ℓ = n− 2, then f(n, 2, ℓ) = nℓ.
Proof: By (1), for all digraphs D and k ≥ 2 we have κk(D) ≤ δ
+(D)
and κk(D) ≤ δ
−(D). Hence for each D with κk(D) = ℓ, we have that
δ+(D), δ−(D) ≥ ℓ, so |A(D)| ≥ nℓ and then f(n, k, ℓ) ≥ nℓ.
For the case that ℓ = 1, let D be a dicycle
−→
Cn. Clearly, D is minimally
strong subgraph (k, 1)-connected, and we know |A(D)| = n, so f(n, k, 1) =
n.
For the case that k = n 6∈ {4, 6} and 2 ≤ ℓ ≤ n − 1, let D ∼=
←→
Kn. By
Theorem 3.1, D can be decomposed into n− 1 Hamiltonian cycles Hi (1 ≤
i ≤ n− 1). Let Dℓ be the spanning subdigraph of D with arc sets A(Dℓ) =⋃
1≤i≤ℓA(Hi). Clearly, we have κn(Dℓ) ≥ ℓ for 2 ≤ ℓ ≤ n− 1. Furthermore,
by (1), we have κn(Dℓ) ≤ ℓ since the in-degree and out-degree of each vertex
in Dℓ are both ℓ. Hence, κn(Dℓ) = ℓ for 2 ≤ ℓ ≤ n− 1. For any e ∈ A(Dℓ),
we have δ+(Dℓ − e) = δ
−(Dℓ − e) = ℓ − 1, so κn(Dℓ − e) ≤ ℓ − 1 by (1).
Thus, Dℓ is minimally strong subgraph (n, ℓ)-connected. As |A(Dℓ)| = nℓ,
we have f(n, n, ℓ) ≤ nℓ. From the lower bound that f(n, k, ℓ) ≥ nℓ, we have
f(n, n, ℓ) = nℓ for the case that 2 ≤ ℓ ≤ n− 1, n 6∈ {4, 6}.
Part (iii) follows directly from Theorem 3.5. ✷
To prove two upper bounds on the number of arcs in a minimally strong
subgraph (k, ℓ)-connected digraph, we will use the following result, see e.g.
[1].
Theorem 3.8 Every strong digraph D on n vertices has a strong spanning
subgraph H with at most 2n − 2 arcs and equality holds only if H is a
symmetric digraph whose underlying undirected graph is a tree.
Proposition 3.9 We have (i) F (n, n, ℓ) ≤ 2ℓ(n− 1); (ii) For every k (2 ≤
k ≤ n), F (n, k, 1) = 2(n−1) and Ex(n, k, 1) consists of symmetric digraphs
whose underlying undirected graphs are trees.
Proof: (i) Let D = (V,A) be a minimally strong subgraph (n, ℓ)-connected
digraph, and let D1, . . . ,Dℓ be arc-disjoint strong spanning subgraphs of
D. Since D is minimally strong subgraph (n, ℓ)-connected and D1, . . . ,Dℓ
are pairwise arc-disjoint, |A| =
∑ℓ
i=1 |A(Di)|. Thus, by Theorem 3.8, |A| ≤
2ℓ(n − 1).
(ii) In the proof of Proposition 3.4 we showed that a digraph D is strong
if and only if κk(D) ≥ 1. Now let κk(D) ≥ 1 and a digraph D has a minimal
number of arcs. By Theorem 3.8, we have that |A(D)| ≤ 2(n − 1) and if
D ∈ Ex(n, k, 1) then |A(D)| = 2(n−1) and D is a symmetric digraph whose
underlying undirected graph is a tree. ✷
9
4 Discussion
Perhaps, the most interesting result of this paper is the characterization
of minimally strong subgraph (2, n−2)-connected digraphs. As a simple con-
sequence of the characterization, we can determine the values of f(n, 2, n−2)
and F (n, 2, n − 2). It would be interesting to determine f(n, k, n − 2) and
F (n, k, n − 2) for every value of k ≥ 3. (Obtaining characterizations of all
(k, n − 2)-connected digraphs for k ≥ 3 seems a very difficult problem.) It
would also be interesting to find a sharp upper bound for F (n, k, ℓ) for all
k ≥ 2 and ℓ ≥ 2.
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